We exploit the Källen-Lehman representation of the two-point Green function to prove that the gluon propagator cannot go to zero in the infrared limit. We are able to derive also the functional form of it. This means that current results on the lattice can be used to derive the scalar glueball spectrum to be compared both with experiments and different aimed lattice computations.
the ghost propagator as
and the running coupling as
Then we have that
and
and lim p→0 α(p) = 0 (6) while the theory shows a mass gap, that is, the gluon propagator should have a pole for some value of the mass m 0 such that p 2 = −m 2 0 . The Källen-Lehman representation does hold also without the axiom of positivity. This can be seen by a formulation of quantum field theories without positivity axiom, particularly needed for gauge theory and confinement, that has been obtained by Strocchi e Jakobczyk [13, 14] .
From the Källen-Lehman representation [14, 15] one has
with m 0 < m 1 and Z 0 a renormalization constant. It is straightforward to obtain the well-known result that should be satisfied by any well-behaving theory that
giving immediately
We know anyhow that the theory in the ultraviolet limit needs some renormalization procedure to recover this latter equality being the constant Z 0 infinite in this case. From the Källen-Lehman representation we also know that σ(0) = 0 unless the theory has some massless excitation that we have already excluded from the start. So, one has
but there is no pole at µ = 0 in the integration range and this finally means
where the constant is greater than Z0 m 2 0 different from zero. This result is very important in view of the fact that it permits to connect two different kinds of analyses generally carried out with the theory on the lattice. Indeed, we can use the above result to see that, after a Wick rotation, one has (12) in the limit t → ∞ and so the mass gap of the theory can be derived from the gluon propagator computed on the lattice. This result should be compared with the one obtained in [8, 9] . We notice that the spectrum of the theory is generally obtained on the lattice assuming that
Indeed, we note that the above procedure can be iterated by the further assumption that the theory has a discrete spectrum. This means that
with σ(µ 2 ) = n Z n δ(µ 2 − m 2 n ) having the form of a typical density of states proper to condensed matter physics for a discrete spectrum. If one assumes the positivity condition for the spectral representation then all Z n s should be positive. If this is not the case one should maintain condition (9) by assuming Z n having alternating signs. This is due to the fact that one wants to recover the proper ultraviolet limit. On this basis, the full scalar glueball spectrum is obtainable in principle from the lattice computation of the gluon propagator. This form of the propagator deduced from the Källen-Lehman representation of the exact propagator is consistent with the one obtained in [16, 17, 18] .
We now try to compare this form of the propagator given by the Källen-Lehman representation with the scenario depicted above. In order to do this we do the ansatz that holds in the infrared limit [19] 
and we determine the exponents κ D and κ G . For the gluon propagator, for the theorem we proved above, one has immediately that κ D = 1 and c D = 0. In order to evaluate the exponent for the ghost propagator we turn our attention to the running coupling. In the infrared limit we should have
from which we derive that it is enough to have 2κ G + 1 > 0 to be consistent with lattice and experimental results. If the ghost behaves as a free particle one will have κ G = 0 and this is the result that is going to emerge into lattice computations. This result is in agreement with the recent work [20] further supporting this scenario depicted in [16, 17, 18] . We would like to verify that our idea of a Källen-Lehman representation is indeed in agreement with numerical results. Aguilar and Natale [4] numerically solved Dyson-Schwinger equations obtaining a scenario in agreement with the one presented here and recent lattice computations. As this represents a continuum solution for Yang-Mills theory we need to get a perfect agreement by our form of the propagator that agrees with Källen-Lehman representation [16, 17, 18] 
being
and the numerical solution. Here σ is the string tension to be fixed experimentally. The result of the comparison is shown in fig.1 and is exceptionally good for a gluon mass of 738 MeV. This means that a Källen-Lehman type of gluon propagator fits very well the numerical solution of the Yang-Mills equations while describes correctly the scenario that is now emerging from lattice computations.
One may ask what should be the next step after a proper determination of the propagator of the Yang-Mills theory in the infrared, being this consistent with the Källen-Lehman representation. Indeed, one can do scattering theory by using Lehman-Symanzyk-Zimmermann reduction formula making in this way a Yang-Mills theory manageable also in this limit of a strong coupling. As for the ultraviolet case, we should be granted that the renormalization constants that are computed in this limit are finite. Presently, lattice computations and theoretical analysis point toward this direction making possible to get finally a full theory to carry out further computations to be compared with experiments.
We have proven that the gluon propagator is not zero in the limit of zero momentum using the Källen-Lehman representation. We have shown in this way how lattice computations, done to compute the propagator, can be used to obtain the spectrum of the theory assuming this spectral representation to hold also if the spectral density is not always positive. The spectrum is generally obtained by lattice computations but with other techniques. The results given by the two approaches can be compared in this way. This very simple computation to be accomplished should give really striking results producing a serious consistency check. I would like to thank Valter Moretti for very helpful comments about Källen-Lehman representation.
